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1. Introduction
In [9], John Greene proved the following conjecture made by Daan Krammer:
1+ 2
n−1∑
k=1
(−1)kq−(k2)
[
2k − 1
k
]
q
=
{
(m5 )
√
5 if 5 | n,
(n5 ) otherwise,
(1)
where q = e2πmi/n with 0 m < n integers such that gcd(n,m) = 1 and ( np ) is the standard Legen-
dre symbol. This identity has inspired several papers, including [2,6] and, more recently, [10]. When
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604 R. Tauraso / Advances in Applied Mathematics 48 (2012) 603–614m = 0, whence q = 1, and n is a power of a prime p, the analog of Eq. (1) is the following congruence
from [14]:
1+ 2
pa−1∑
k=1
(−1)k
(
2k − 1
k
)
=
pa−1∑
k=0
(−1)k
(
2k
k
)
≡
(
pa
5
)
(mod p).
In this note we present more examples of the same ﬂavour involving the q-Catalan numbers.
2. Notation and properties of q-binomial coeﬃcients
The Gaussian q-binomial coeﬃcient
[ n
k
]
q
is deﬁned as
[
n
k
]
q
=
{
(q;q)n(q;q)−1k (q;q)−1n−k if 0 k n,
0 otherwise,
where (z;q)n =∏n−1j=0(1− zq j). It is a polynomial in q, and for 0 k n it satisﬁes
[
n
k
]
q
= qn−k
[
n − 1
k − 1
]
q
+
[
n − 1
k
]
q
, (2)
[
n
k
]
q
=
[
n − 1
k − 1
]
q
+ qk
[
n − 1
k
]
q
, (3)
[
n
k
]
q
= qk(n−k)
[
n
k
]
1/q
. (4)
In accordance with [3] we deﬁne the q-Fibonacci polynomials through the recursion
Fqn(t) = Fqn−1(t) + qn−2t F qn−2(t),
with initial values Fq0(t) = 0, Fq1(t) = 1. An explicit formula is
Fqn(t) =
∑
k0
qk
2
[
n − 1− k
k
]
q
tk. (5)
There are several q-analogs of the Catalan numbers Cn = 1n+1
(2n
n
)
, and we refer the interested reader
to [8] for various possible choices. Here we consider
Cqn = 1[n + 1]q
[
2n
n
]
q
=
[
2n
n
]
q
− q
[
2n
n + 1
]
q
,
where [n + 1]q = (1− qn+1)/(1− q). According to [5], Cqn is a polynomial in the indeterminate q.
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Let Φn(q) be the n-cyclotomic polynomial,
Φn(q) =
∏
0m<n
gcd(m,n)=1
(
q − e2πmi/n).
We record some properties that we will need later.
Lemma 3.1. For n > 1 we have
Φn(1) =
{
p if n is a power of a prime p,
1 otherwise.
(6)
Proof. See [11, p. 160], for example. 
Lemma 3.2. For n > 1 and for any integer a > 0 we have
[
an
k
]
q
≡
{( a
k/n
)
if n | k,
0 otherwise
(
mod Φn(q)
)
(7)
and
[
n + 1
k
]
q
≡
{
1 if k = 0,1,n,n + 1,
0 otherwise
(
mod Φn(q)
)
. (8)
Proof. According to [5], Φn(q) is a factor of
[m
k
]
q
if and only if {k/n} > {m/n}, where {x} = x − x
denotes the fractional part of x. Moreover [4] implies
[
an
bn
]
q
≡
(
a
b
) (
mod Φn(q)
)
. 
Lemma 3.3. For k = 1, . . . ,n − 1 we have
[
2k − 1
k
]
q
≡ (−1)kq 3k
2−k
2
[
n − k
k
]
q
(
mod Φn(q)
); (9)
for k = 0, . . . ,n − 1 we have
[
2k
k
]
q
≡ (−1)kq 3k
2+k
2
[
n − 1− k
k
]
q
(
mod Φn(q)
); (10)
ﬁnally, we have
[
2k
k + 1
]
q
≡
⎧⎨
⎩ (−1)
k+1q 3k
2+3k
2
[
n−k
k+1
]
q
if k = 0,1, . . . ,n − 2,
1 if k = n − 1
(
mod Φn(q)
)
. (11)
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k = 1, . . . ,n − 1 we have
[
2k − 1
k
]
q
= (1− q
2k−1) · · · (1− qk)
(1− qk) · · · (1− q)
= (−1)kq 3k
2−k
2
(1− qn−(2k−1)) · · · (1− qn−k)
(1− qk) · · · (1− q)
= (−1)kq 3k
2−k
2
[
n − k
k
]
q
.
Hence Φn(q) is a factor of the polynomial in q[
2k − 1
k
]
q
− (−1)kq 3k
2−k
2
[
n − k
k
]
q
and the proof of (9) is complete. The other two congruences (10) and (11) have similar proofs. 
4. q-Identities
A fundamental result which we will use is the ﬁnite form of the Rogers–Ramanujan identities,
see [1, p. 50]: for a ∈ {0,1} we have
Fqn+1−a
(
qa
)=∑
k0
qk
2+ak
[
n − a − k
k
]
q
=
∞∑
j=−∞
(−1) jq j(5 j+1−4a)2
[
n
n+2a−5 j2 
]
q
. (12)
The next q-identity was given a computer-based proof in [7]. We produce a proof which depends only
on some basic properties of q-binomial coeﬃcients.
Theorem 4.1.We have
∑
k0
(−1)kq(k2)
[
n − k
k
]
q
= (−1)n
(
n + 1
3
)
q
1
3 (
n
2). (13)
Proof. Let G(n) and H(n) be the left-hand side and the right-hand side of the claimed identity. It is
easy to verify that G(n) = H(n) for n = 0,1,2,3. Moreover, for n 1 we have
H(n + 3) = −(−1)n
(
n + 1
3
)
q
1
3 (
n
2)+n+1 = −qn+1H(n).
Therefore, it suﬃces to show that a corresponding identity holds for G(n). Using (2) we ﬁnd
G(n + 3) = 1−
∑
k1
(−1)k−1q(k2)+n+3−2k
[
n + 2− k
k − 1
]
q
+
∑
k1
(−1)kq(k2)
[
n + 2− k
k
]
q
= G(n + 2) − qn+1
∑
k1
(−1)k−1q(k−12 )−(k−1)
[
n + 1− (k − 1)
k − 1
]
q
= G(n + 2) − qn+1
∑
k0
(−1)kq(k2)−k
[
n + 1− k
k
]
q
.
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∑
k0
(−1)kq(k2)−k
[
n + 1− k
k
]
q
= 1−
∑
k1
(−1)k−1q(k−12 )−1
[
n − k
k − 1
]
q
+
∑
k1
(−1)kq(k2)
[
n − k
k
]
q
= −q−1G(n − 1) + G(n).
Thus, assuming G(n + 2) = −qnG(n − 1) by induction, we deduce that
G(n + 3) = G(n + 2) − qn+1(−q−1G(n − 1) + G(n))= −qn+1G(n).
This completes our proof. 
The next q-identity appears to be new. Its special case d = 0 was conjectured by Z.W. Sun while
working on our joint paper [14].
Theorem 4.2. For n |d| we have
n−1∑
k=0
qk
[
2k
k + d
]
q
=
n−|d|∑
k=0
q
1
3 (2(n−k)2−(n−k)( n−|d|−k3 )−2d2−1)
(
n − |d| − k
3
)[
2n
k
]
q
. (14)
Proof. Let
S(n,d) =
n−1∑
k=0
qk
[
2k
k + d
]
q
and
T (n,d) =
∑
k0
q6k
2+(3+4|d|)k+|d|
[
2n
n + 3k + |d| + 1
]
q
−
∑
k1
q6k
2−(3−4|d|)k−|d|
[
2n
n + 3k + |d| − 1
]
q
.
Then the q-identity (14) is equivalent to S(n,d) = T (n,d). Because for n 0 we have
S(n,n) = T (n,n) = 0,
S(n,n − 1) = T (n,n − 1) =
{
qn−1 if n > 0,
0 if n = 0,
S(n,n − 2) = T (n,n − 2) =
{
qn−2[2n − 1]q if n > 1,
0 if n = 0,1,
it suﬃces to show that both S(n,d) and T (n,d) satisfy, for n |d|, the following recurrence equation
in X(n,d)
X(n,d) − q4d+6X(n,d + 3) − qd [2d + 3]q[2n + 1]q
[
2n + 1
n + d + 2
]
q
=
⎧⎨
⎩
−1/q if d = −1,
1/q3 if d = −2, (15)
0 otherwise.
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[
2k
k+d
]
q
=[
2k
k−d
]
q
. Now we consider the case where d  0, and we prove (15) by induction on n. It certainly
holds for n = 1. Now we will prove that, for n 1,
S(n + 1,d) − q4d+6S(n + 1,d + 3) = qd [2d + 3]q[2n + 3]q
[
2n + 3
n + d + 3
]
q
.
Because the left-hand side equals
S(n,d) + qn
[
2n
n + d
]
q
− q4d+6
(
S(n,d + 3) + qn
[
2n
n + d + 3
]
q
)
,
working by induction we only need to verify that
qn−d
[
2n
n + d
]
q
− qn+3d+6
[
2n
n + d + 3
]
q
= [2d + 3]q[2n + 3]q
[
2n + 3
n + d + 3
]
q
− [2d + 3]q[2n + 1]q
[
2n + 1
n + d + 2
]
q
,
which does hold. Moreover, we have
qk+1
[
2k
k + 1
]
q
− qk+3
[
2k
k + 2
]
q
= Cqk+1 − Cqk ,
whence
qS(n,1) − q3S(n,2) = Cqn − 1,
and so (15) holds for d = −1, namely,
S(n,−1) − q2S(n,2) = S(n,1) − q2S(n,2) = q−1Cqn − q−1,
and for d = −2, namely,
S(n,−2) − q−2S(n,1) = S(n,2) − q−2S(n,1) = −q−3Cqn + q−3.
If d−3, letting d′ = −d − 3 0 we get
S(n,d) − q4d+6S(n,d + 3) = S(n,−d) − q4d+6S(n,−d − 3)
= −q−4d′−6(S(n,d′)− q4d′+6S(n,d′ + 3))
= −q−3d′−6
[
2d′ + 3]q
[2n + 1]q
[
2n + 1
n + d′ + 2
]
q
= qd [2d + 3]q[2n + 1]q
[
2n + 1
n + d + 2
]
q
.
As regards T (n,d), for d 0 we have
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∑
k0
q6k
2+(3+4(d+3))k+d+3
[
2n
n + 3k + d + 4
]
q
− q4d+6
∑
k1
q6k
2−(3−4(d+3))k−d−3
[
2n
n + 3k + d + 2
]
q
=
∑
k0
q6(k+1)2+(3+4d))(k+1)+d
[
2n
n + 3(k + 1) + d + 1
]
q
−
∑
k1
q6(k+1)2−(3−4d)(k+1)−d
[
2n
n + 3(k + 1) + d − 1
]
q
= T (n,d) − qd
[
2n
n + d + 1
]
q
+ q3+3d
[
2n
n + d + 2
]
q
= T (n,d) − qd [2d + 3]q[2n + 1]q
[
2n + 1
n + d + 2
]
q
.
The case when d < 0 can be dealt with in a similar way using T (n,d) = T (n,−d). 
The p-congruence of the next corollary was proved in [13], but see also [12] for the case a = 1.
Corollary 4.3. If n |d| we have
n−1∑
k=0
qk
[
2k
k + d
]
q
≡
(
n − |d|
3
)
q
3
2 r(r+1)+|d|(2r+1) (mod Φn(q)), (16)
where r = 2(n − |d|)/3. Moreover, for a > 0 and for any prime p we have
pa−1∑
k=0
(
2k
k + d
)
≡
(
pa − |d|
3
)
(mod p).
Proof. For n |d| we use (14) and, since by (7)
[
2n
k
]
q
is 0 modulo Φn(q) unless k = 0,n,2n, we have
that
n−1∑
k=0
qk
[
2k
k + d
]
q
≡ q 13 (2n2−n( n−|d|3 )−2d2−1)
(
n − |d|
3
)[
2n
0
]
q
(
mod Φn(q)
)
and the result follows. For the p-congruence, let q = 1 and n = pa in (16), and use (6). 
V.J.W. Guo and J. Zeng recently discovered similar congruences in [10], such as
n−1∑
k=0
(−1)kq−(k+12 )
[
2k
k
]
q
≡
(
n
5
)
q−n4/5
(
mod Φn(q)
)
.
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By Corollary 4.3, if we take d = 0 we have that for any prime p
1+ 2
pa−1∑
k=1
(
2k − 1
k
)
=
pa−1∑
k=0
(
2k
k
)
≡
(
pa
3
)
(mod p).
The analogy mentioned at the beginning guided us to the following statement.
Theorem 5.1. Let q = e2πmi/n, with 0m < n integers such that gcd(n,m) = 1. Then we have
1+ 2
n−1∑
k=1
qk
[
2k − 1
k
]
q
=
{
(m3 )i
√
3 if 3 | n,
(n3 ) otherwise.
Proof. We ﬁrst note that (4) implies
qk
[
2k − 1
k
]
q
= qk2
[
2k − 1
k
]
1/q
= conj
(
q−k2
[
2k − 1
k
]
q
)
where conj(z) is the complex conjugate of z ∈C. Because Φn(q) = 0, according to (9) we have
q−k2
[
2k − 1
k
]
q
= (−1)kq(k2)
[
n − k
k
]
q
.
Hence
1+ 2
n−1∑
k=1
qk
[
2k − 1
k
]
q
= conj
(
1+ 2
n−1∑
k=1
q−k2
[
2k − 1
k
]
q
)
= conj
(
−1+ 2
∑
k0
(−1)kq(k2)
[
n − k
k
]
q
)
= −1+ 2(−1)n
(
n + 1
3
)
q−
1
3 (
n
2),
which easily implies the desired conclusion. 
6. q-Catalan congruences
In this last section, we investigate the ﬁnite sums
n−1∑
k=0
qkCqk and
n−1∑
k=0
(−1)kq−(k2)Cqk .
First we consider them modulo Φn(q), and then we specialize q to a root of unity.
R. Tauraso / Advances in Applied Mathematics 48 (2012) 603–614 611Theorem 6.1. For n > 0 we have
n−1∑
k=0
qkCqk ≡
{
qn/3 if n ≡ 0,1 (mod 3),
−1− q(2n−1)/3 if n ≡ 2 (mod 3)
(
mod Φn(q)
)
. (17)
Proof. Because
Cqn =
[
2n
n
]
q
− q
[
2n
n + 1
]
q
,
using (16) for d = 0 and for d = 1 we obtain
n−1∑
k=0
qkCqk ≡ q
1
3 (2n
2−n( n3 )−1)
(
n
3
)
− q 13 (2n2−n( n−13 ))
(
n − 1
3
) (
mod Φn(q)
)
.
A case distinction according to the remainder of n modulo 3 completes the proof. 
Once again, the next p-congruence was shown in [13], but see [12] for the case a = 1.
Corollary 6.2. Let q = e2πmi/n, with 0m < n integers such that gcd(n,m) = 1.
If 3 | n then
n−1∑
k=0
qkCqk =
1
2
(
i
√
3
(
m
3
)
− 1
)
.
Moreover, for any prime p and for a > 0 we have
pa−1∑
k=0
Ck ≡ 12
(
3
(
pa
3
)
− 1
)
(mod p).
Proof. If 3 | n then
n−1∑
k=0
qkCqk = qn/3 = e2πmi/3 =
1
2
(
i
√
3
(
m
3
)
− 1
)
.
For the p-congruence, let q = 1 and n = pa in (17) and use (6). 
Concerning the second kind of ﬁnite sum, we start by establishing a congruence relating q-Catalan
numbers and q-Fibonacci numbers.
Theorem 6.3. For n > 0 we have
n−1∑
k=0
(−1)kq−(k2)Cqk ≡ Fqn(q) + Fqn+2(1) − 2
(
mod Φn(q)
)
. (18)
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(−1)kq−(k2)Cqk ≡ (−1)kq
−k2+k
2
[
2k
k
]
q
− (−1)kq −k
2+k+2
2
[
2k
k + 1
]
q
≡ qk2+k
[
n − 1− k
k
]
q
+ q(k+1)2
[
n + 1− (k + 1)
k + 1
]
q
− [k = n − 1] (mod Φn(q)),
where [k = n − 1] equals 1 if k = n − 1, and 0 otherwise. A double application of (12), for a = 0 and
a = 1, yields
n−1∑
k=0
(−1)kq−(k2)Cqk ≡
∑
k0
qk
2+k
[
n − 1− k
k
]
q
+
∑
k0
q(k+1)2
[
n − k
k + 1
]
q
− 1
≡
∑
k0
qk
2+k
[
n − 1− k
k
]
q
+
∑
k0
qk
2
[
n + 1− k
k
]
q
− 2
≡ Fqn(q) + Fqn+2(1) − 2
(
mod Φn(q)
)
,
which is the desired conclusion. 
When a = 1 Eq. (12) reads
Fqn(q) =
∞∑
j=−∞
(−1) jq j(5 j−3)2
[
n
n+2−5 j2 
]
q
,
which means
Fqn(q) ≡
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
0 if n ≡ 0 (mod 5),
(−1)r(n)q r(n)(n+2)2 if n ≡ 1 (mod 5),
(−1)r(n)q r(n)(n+1)2 if n ≡ 2 (mod 5),
(−1)r(n)q r(n)(n−1)2 if n ≡ 3 (mod 5),
(−1)r(n)q r(n)(n−2)2 if n ≡ 4 (mod 5),
(
mod Φn(q)
)
where r(n) = n/5+ 12 . Similarly, when a = 0 Eq. (12) reads
Fqn+2(1) =
∞∑
j=−∞
(−1) jq j(5 j+1)2
[
n + 1
n+1−5 j2 
]
q
,
and so
Fqn+2(1) ≡
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
(−1)r(n)(q r(n)(n+1)2 + q r(n)(n−1)2 ) if n ≡ 0 (mod 5),
(−1)r(n)(q r(n)n2 + q r(n)(n−2)2 ) if n ≡ 1 (mod 5),
(−1)r(n)q r(n)(n−1)2 if n ≡ 2 (mod 5),
(−1)r(n)q r(n)(n+1)2 if n ≡ 3 (mod 5),
r(n) r(n)n2
r(n)(n+2)
2
(
mod Φn(q)
)
.(−1) (q + q ) if n ≡ 4 (mod 5)
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peared in [14].
Corollary 6.4. Let q = e2πmi/n, with 0m < n integers such that gcd(n,m) = 1.
If 5 | n then
n−1∑
k=0
(−1)kq−(k2)Cqk =
1
2
(√
5
(
m
5
)
− 3
)
.
Moreover, for a > 0 and for any prime p
pa−1∑
k=0
(−1)kCk ≡ 12
(
5
(
pa
5
)
− 3
)
(mod p).
Proof. If 5 | n then r(n) = n/5, and (18) implies
n−1∑
k=0
(−1)kq−(k2)Cqk = Fqn(q) + Fqn+2(1) − 2
= (−1)n/5(q n(n+1)10 + q n(n−1)10 )− 2
= (−1)n(m+1)/52Re(eπ im/5)− 2
= 1
2
(√
5
(
m
5
)
− 3
)
.
The p-congruence follows after letting q = 1 and n = pa in (18) and noting that, for p = 5,
(−1)r(pa) =
(
pa
5
)
,
and ﬁnally using (6). 
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